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Abstract. The purpose of a phase-preserving linear ampliﬁer is to make a small signal larger, so
that it can be perceived by instruments incapable of resolving the original signal, while sacriﬁcing
as little as possible in signal-to-noise. Quantum mechanics limits how well this can be done: the
noise added by the ampliﬁer, referred to the input, must be at least half a quantum at the operating
frequency. This well-known quantum limit only constrains the second moments of the added noise.
Here we provide the quantum constraints on the entire distribution of added noise: any phase-
preserving linear ampliﬁer is equivalent to a parametric ampliﬁer with a physical state σ for the
ancillary mode; σ determines the properties of the added noise.
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INTRODUCTION
The study of quantum limits on linear ampliﬁers became important in the 1960s with
the invention and use of masers as microwave ampliﬁers. Initial investigations [1] led to
the realization that quantum mechanics requires all phase-preserving linear ampliﬁers
to add noise, thereby degrading the signal-to-noise ratio of the input signal. In recent
years, microwave-frequency ampliﬁers, based on the Josephson effect, have very closely
approached the fundamental quantum limit on second-moment added noise [3, 4]. Re-
searchers working with linear ampliﬁers at microwave frequencies have reﬁned homo-
dyne detection techniques into methods for determining the noise properties of signals
input to a linear ampliﬁer and of the added ampliﬁer noise [5]. These methods have been
used to determine moments of ampliﬁer noise well beyond second moments, thus mo-
tivating our study of the general limits on ampliﬁer noise [6], of which this report is a
very brief summary.
PHASE-PRESERVING LINEAR AMPLIFIER
The setting for our study is a single bosonic mode, called the primary mode, which is to
undergo phase-preserving linear ampliﬁcation. The primary mode has annihilation and
creation operators, a and a†, that obey the canonical commutation relation, [a,a†] = 1.
The oscillation at the modal frequency ω adds a phase to these complex amplitude
operators, which we remove by going to an interaction picture. The noise in the signalEleventh International Conference on Quantum Communication, Measurement and Computation (QCMC)AIP Conf. Proc. 1633, 53-58 (2014); doi: 10.1063/1.4903093©   2014 AIP Publishing LLC 978-0-7354-1272-9/$30.0053
is given by the symmetrized variance 〈|Δa|2〉 = 12〈aa† + a†a〉− |〈a〉|2 which is just the
sum of the noise in each quadrature. Phase-preserving ampliﬁcation of the input signal
with (amplitude) gain g can be expressed as the transformation
aout = gain . (1)
A perfect linear ampliﬁer would perform this feat and thus preserve the input signal-
to-noise: the second-moment noise at the input would be ampliﬁed by the power gain
g2, i.e., 〈|Δaout|2〉= g2〈|Δain|2〉, but the ampliﬁcation process would not add any noise.
Alas, quantum mechanics prohibits free lunches: there are no perfect phase-preserving
linear ampliﬁers; the transformation (1) does not preserve the canonical commutation
relation and thus violates unitarity. Physically, this is the statement that ampliﬁcation
of the primary mode requires it to be coupled to other physical systems, which are the
source of the added noise. This physical requirement is expressed in an input-output
relation [1, 2],
aout = gain +L† , (2)
where the added-noise operator L is a property of the ampliﬁer’s internal degrees of
freedom. One usually assumes that 〈L†〉 = 0 so as to retain the expectation-value gain
transformation, 〈aout〉= g〈ain〉. Preserving the canonical commutation relation between
input and output requires that [L,L†] = g2− 1. Referred to the input, the output noise
takes the form 〈|Δaout|2〉/g2 = 〈|Δain|2〉+ 〈|ΔL|2〉/g2 = 〈|Δain|2〉+A . The second-
moment added noise A , referred to the input, is called the added-noise number [2]. We
prefer to deal with an added-noise number that has all the gain dependence removed:
A1 ≡ 〈|ΔL|
2〉
g2−1 =
A
1−1/g2 ≥
1
2
. (3)
The subscript indicates that A1 is the ﬁrst in a sequence of added-noise numbers. We
introduce added-noise numbers for all moments of the added noise and consider the
limits imposed by quantum mechanics on moments of all orders.
IDEAL LINEAR AMPLIFIER
An ideal linear ampliﬁer saturates the second-moment bound (3). The added noise in
this case is necessarily Gaussian, and there are no constraints on an ideal linear ampliﬁer
beyond this second-moment bound.
A Gaussian phase-space distribution that has phase-insensitive noise has the form
e−|α−β |2/Σ2/πΣ2, where β is the mean value of α and Σ2 is the variance of α; this
variance corresponds to different ways of ordering the annihilation and creation oper-
ators depending on which phase-space quasidistribution is being used. As is illustrated
in Fig. 1, the traditional way of thinking about ampliﬁer noise corresponds to using the
Wigner W function and its symmetric ordering. The Husimi Q distribution and its anti-
normal ordering are of particular interest: as Fig. 1 shows, from the perspective of the
antinormally-ordered variance, all the output noise in an ideal linear ampliﬁer is am-
pliﬁed input noise, with no added noise at all. Indeed, Fig. 1 suggests that the output54
Q distribution of an ideal linear ampliﬁer is a scaled version of the input Q, scaled by
the gain g, i.e., Qout(β ) = Qin(β/g)/g2, and this turns out to be true for arbitrary in-
put states. The nonnegative Q distribution describes the statistics of a quantum-limited,
simultaneous measurement of both quadrature components; the scaling of the Q distri-
bution from input to output says that relative to such quantum-limited measurements,
there is no degradation of signal-to-noise ratio from input to output.
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FIGURE 1. Ball-and-stick phase-space depictions of input and output states for an ideal linear ampliﬁer
whose input is a coherent state |α〉 with |α| = 1 and which has amplitude gain g = 4. The input and
output noise is characterized by the variance Σ2 of α: the radius of the noise circle is chosen to be Σ/2
√
2.
The Wigner W function perspective is the traditional one for considering ampliﬁer noise; relative to the
symmetric ordering of the Wigner function, the input coherent-state noise is ampliﬁed to the output [inner
noise circle (blue)], and noise is added to give the total noise [outer noise circle (red)]. The Husimi Q
distribution and its antinormally ordering provide another perspective, in which the input noise is ampliﬁed
to the output (blue); the ampliﬁed input noise is the same as the total noise (red), so there appears to be
no added noise.
MEASUREMENT-BASED IDEAL LINEAR AMPLIFIER
The Arthurs-Kelly model for simultaneous measurements of position and momentum [7]
provides a way to construct a measurement-based ideal linear ampliﬁer. The idea is to
measure both quadratures of the input mode and then, based on the measurement results,
to displace appropriately to get the right gain; the corresponding Kraus operators are
Mα = D
(
(g−1)α) |α〉〈α|/√π = |gα〉〈α|/√π . (4)
This is a silly strategy for making a linear ampliﬁer, because the point of linear ampli-
ﬁcation is to make a small signal accessible without the need for quantum-limited mea-
surements, but it is instructive as an example of an ampliﬁer that can be easily turned
into an ideal ampliﬁer. The output state of this linear ampliﬁer is
E (ρ) =
∫
d 2αMαρM†α =
∫
d 2α
Qin(α/g)
g2
|α〉〈α| , (5)55
which shows that this is not quite an ideal linear ampliﬁer, because the output P function,
not the output Q distribution, is a rescaled input Q distribution. This means that the
output has two additional units of vacuum noise beyond that of an ideal linear ampliﬁer.
To construct an ancilla model for the Kraus operators (4), we introduce, in addition
to the primary mode a = (x1 + ix2)/
√
2, two ancillary modes, b = (y1 + iy2)/
√
2 and
c = (z1 + iz2)/
√
2, which serve as meters that record the measurement results. The
primary mode and the meters interact according to the unitary operator U = U2U1,
where U1 = e−i(y2x1−z1x2) describes recording the primary mode’s quadratures in the
meter quadratures y1 and z2 andU2 = ei(g−1)(z2x1−y1x2) describes the displacement of the
primary mode. If the ancilla modes b and c begin in the state |φ〉, the transformation of
the primary mode is
E (ρ) = trb,c
(
Uρ⊗|φ〉〈φ |U†) , (6)
The Kraus operators (4) result from
|φ〉= S1(r)⊗S†1(r)|0,0〉 , (7)
where S1(r) is the single-mode squeeze operator with squeeze parameter r = 12 ln2.
In the Heisenberg picture the primary mode transforms as
aout =U†aU = ga+
√
g2−1d† . (8)
where d is a modal annihilation operator given by
d = S1(r′)⊗S†1(r′)
1√
2
(−b+ c)S†1(r′)⊗S1(r′) , r′ =
1
2
ln[2(g−1)/(g+1)] . (9)
It is easy to show that even though a transforms as the primary mode of a parametric
ampliﬁer, the mode d does not transform as the corresponding ancilla mode. This
measurement-based model of ampliﬁcation is thus not a parametric ampliﬁer, but our
main result below shows that it is equivalent to a parametric ampliﬁer.
Equation (9) shows that the Arthurs-Kelly model has additional noise beyond that of
an ideal linear ampliﬁer because the initial ancilla state (7) leaves d in an excited state.
To turn the measurement-based model into an ideal ampliﬁer, we need to use the initial
ancilla state |φ ′〉= S1(r′)|0〉⊗S†1(r′)|0〉, so that d is in the vacuum state. Doing so results
in Kraus operators
M′α = D
(
(g−1)α)
√
g2−1
π
∫ d 2β
π
e−(g−1)|α−β |
2|β 〉〈β | . (10)
The measurement part of this Kraus operator retreats a little in terms of sensitivity in the
quadrature measurement, but introduces coherence that reduces the output noise.
MAIN RESULT
We capture the action of a phase-preserving linear ampliﬁer generally in terms of two
superoperators—linear maps on operators—that together characterize the operation of56
the ampliﬁer. The ﬁrst superoperator accounts for the ampliﬁcation by taking an input
coherent state |α〉 to an output coherent state |gα〉:
A
(|α〉〈α|)= |gα〉〈gα| . (11)
The superoperator A ampliﬁes without even the ampliﬁed input noise and so is clearly
not physical by itself. The second superoperator includes the noise on the output signal
by smearing out a phase-space distribution into a broader distribution:
B =
∫
d 2β Π(−1)(β )D(a,β )
D†(a,β ) . (12)
The real-valued function Π(−1)(β ) is assumed to be normalized to unity on the phase
plane; we call it the added-noise function. The added-noise function is independent of
the input state, but it does depend on the gain g. The overall operation of the ampliﬁer
E is given by acting ﬁrst with A and then withB.
E (ρ) =B
(
A (ρ)
)≡B ◦A (ρ) . (13)
In Ref. [6] we gave a detailed proof that every ampliﬁer map of the form (13) can be
written in terms of an ancilla model involving a single ancilla mode b as
E (ρ) = trb
(
Sρ⊗σS†) , (14)
where S = er(ab−a
†b†) is the two-mode squeeze operator, with the amplitude gain given
by g = cosh2r, and σ is a valid density operator of the ancilla mode, i.e., a positive
operator. A concise statement is that any phase-preserving linear ampliﬁer is equivalent
to a parametric ampliﬁer.
It might seem that nothing needed to be proved. Indeed, it is trivial to show that the
ampliﬁer map (13) can be written as in Eq. (14), with the ancilla operator σ deﬁned by
relating its Q distribution to the added-noise function,
Π(−1)(α) =
Qσ
(−α∗/√g2−1)
g2−1 =
〈
− α
∗√
g2−1
∣∣∣∣∣ σ
∣∣∣∣∣− α
∗√
g2−1
〉
π(g2−1) . (15)
If σ is a valid state, the ampliﬁer map (13) is completely positive. We need the converse,
however: if the map (13) is completely positive, is σ required to be a valid density
operator? This property is not generally true for ancilla models; it follows only if the
joint unitary operator in the ancilla model, here the squeeze operator, satisﬁes certain
properties. What we showed in Ref. [6] is that the two-mode squeeze operator has the
required properties. A general formulation of the necessary and sufﬁcient conditions on
the joint unitary in an ancilla model was developed in Ref. [8].57
MOMENT CONSTRAINTS
Our result can be turned into quantum constraints on the moments of the added noise. We
assume that all the noise, both the noise carried by the input signal and the added noise,
is phase insensitive; for the added noise, this implies that σ is diagonal in the number
basis. To deﬁne the moments, we introduce the notation |a |2k for the symmetric product
of k annihilation operators and k creation operators; the expectation value of |a |2k is the
(2k)th symmetric moment. We characterize the noise in terms of symmetrically ordered
noise moments. The input-output relation for the nonvanishing noise moments is
〈|Δaout|2k〉= k∑
m=0
(
k!
m!(k−m)!
)2
g2(k−m)(g2−1)m〈|Δain|2(k−m)〉Am , (16)
where
Ak ≡
〈|b |2k〉σ = k!2k
k
∑
m=0
k!
m!(k−m)!
2m
m!
〈(b†)mbm〉σ (17)
is the kth added-noise number. The ﬁnal form in Eq. (17) relates the symmetric moment
to normally ordered moments.
It is trivial to show that the added-noise numbers must satisfy Ak ≥
〈
0
∣∣|b |2k∣∣0〉 =
k!/2k, These constraints, saturated by an ideal linear ampliﬁer, are not very useful in
general, however, because they are not sufﬁcient for σ to be a valid density operator.
Necessary and sufﬁcient conditions on the added-noise numbers can be obtained by
using the results of the classical Stieltjes moment problem. We list here the ﬁrst three of
the resulting constraints on the added-noise numbers:
A1 ≥ 12 , A2 ≥ A
2
1 +
1
4
, A3 ≥ 12
(
3A2 +A1− 12
)
+
(A2−A1)2
A1− 12
. (18)
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